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GLOBAL EXISTENCE VERSUS BLOW-UP RESULTS FOR A FOURTH 
ORDER PARABOLIC PDE INVOLVING THE HESSIAN 

CARLOS ESCUDERO, FILIPPO GAZZOLA, IRENEO PERAL 


ABSTRACT. We consider a partial differential equation that arises in the coarse¬ 
grained description of epitaxial growth processes. This is a parabolic equation 
whose evolution is governed by the competition between the determinant of the 
Hessian matrix of the solution and the biharmonic operator. This model might 
present a gradient flow structure depending on the boundary conditions. We first 
extend previous results on the existence of stationary solutions to this model 
for Dirichlet boundary conditions. For the evolution problem we prove local 
existence of solutions for arbitrary data and global existence of solutions for 
small data. By exploiting the boundary conditions and the variational structure 
of the equation, according to the size of the data we prove finite time blow-up of 
the solution and/or convergence to a stationary solution for global solutions. 
Resume. On considere une equation differentielle qui decrit la croissance epitaxiale 
d’une couche rugueuse de fajon macroscopique. II s’agitd’une equationparabolique 
pour laquelle T evolution est gouvernee par une competiton entre le determinant 
Hessien de la solution et l'operateur biharmonique. Ce nrodele peut presenter 
une structure de flux gradient suivant les conditions au bord. On etend d’abord 
des resultats precedents sur l’existence de solutions stationnaires pour ce modele 
avec des conditions de Dirichlet. Pour Tequation d'evolution on prouve Texistence 
locale de solutions pour tout donne initial et Texistence globale pour des donnes 
suffisamment petits. En exploitant les conditions au bord et la structure varia- 
tionnelle de Tequation, suivant la taille du donne initial on denrontre Texplosion 
en temps fini et/ou la convergence a une solution stationnaire pour les solutions 
globales. 


1. Introduction 

Epitaxial growth is a technique by means of which the deposition of new mate¬ 
rial on existing layers of the same material takes place under high vacuum condi¬ 
tions. It is used in the semiconductor industry for the growth of crystalline struc¬ 
tures that might be composed of pure chemical elements like silicon or germanium, 
or it could instead be formed by alloys like gallium arsenide or indium phosphide. 
In the case of molecular beam epitaxy the deposition is a very slow process and 
happens almost atom by atom. 

Throughout this paper we assume that C M 2 is an open, bounded smooth 
domain which is the place where the deposition takes place. Although this kind 
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of mathematical model can be studied in any spatial dimension N, we will con¬ 
centrate here on the physical situation N = 2. The macroscopic evolution of the 
growth process can be modeled with a partial differential equation that is frequently 
proposed invoking phenomenological and symmetry arguments |[4~1 |3T|| . The solu¬ 
tion of such a differential equation is the function 

u : x M+ — > M, 

describing the height of the growing interface at the spatial location x £ fl at the 
temporal instant t £ M + := [0, oo). A fundamental modeling assumption in this 
field is considering that the physical interface can be described as the graph of u, 
and this is a valid hypothesis in an important number of cases |0). 

One of the most widespread examples of this type of theory is the Kardar-Parisi- 
Zhang equation l25l 

u t = v£\u + 7 | Vit| 2 + rj(x, t ), 

which has been extensively studied in the physical literature and has also been 
investigated for its interesting mathematical properties (DEBtSE!- On the other 
hand, it has been argued that epitaxial growth processes should be described by 
a different equation coming from a conservation law and, in particular, the term 
|Vrt| 2 should not be present in such a model An equation fulfilling these 
properties is the conservative counterpart of the Kardar-Parisi-Zhang equation l28l 

mm 

(1) ut = — pA 2 rt + kA|Vh| 2 + ((x, t). 

This equation is conservative in the sense that the mean value f n u dx is constant 
if boundary conditions that isolate the system are used. It can also be considered 
as a higher order counterpart of the Kardar-Parisi-Zhang equation. In recent years, 
much attention has been devoted to other models of epitaxial growth, see lETl 1261 
^21130l 3D and references therein. 

Herein we will consider a different model obtained by means of the variational 
formulation developed in lOTTl and aimed at unifying previous approaches. We skip 
the detailed derivation of our model, that can be found in iflOl . and move to the 
resulting equation, that reads 

ut = 2 K\ det ( D 2 u ) — K 2 A 2 u + £(x, t). 

This partial differential equation can be thought of as an analogue of equation 0 ; 
in fact, they are identical from a strict dimensional analysis viewpoint. Let us also 
note that this model has been shown to constitute a suitable description of epitax¬ 
ial growth in the same sense as equation and it even displays more intuitive 
geometric properties ©[T21. The constants K\ and K 2 will be rescaled in the 
following. 

In this work we are interested in the following initial-boundary value problem: 

{ ut + A 2 u = det(Z? 2 n) + Xf x £ f2 , t > 0 , 

u(x, 0) = uo(x), x £ fl, 

boundary conditions x £ dQ , t > 0 , 


A 4TH ORDER PARABOLIC PDE INVOLVING THE HESSIAN 


3 


where / is some function possibly depending on both space and time coordinates 
and belonging to some Lebesgue space, AsK. The initial condition uq(x) is also 
assumed to belong to some Sobolev space. We will consider the following sets of 
boundary conditions 

u = u v = 0, dQ, 

which we will refer to as Dirichlet boundary conditions, and 

u = A u = 0, x E <911, 

which we will refer to as Navier boundary conditions. We note that the stationary 
solutions to this model were studied before lITOl ITT ;. IT3l . 

For the evolution problem ([2]) we prove existence of a solution, both for arbitrary 
time intervals and small data, and for arbitrary data and small time intervals. Then 
using several tools from both critical point theory and potential well techniques, 
we prove the existence of finite time blow up solutions as well as the existence of 
global in time solutions, in suitable functional spaces. The use of these tools is 
by far nontrivial both because the nonlinearity occurs in the second order deriva¬ 
tives and because more regularity is necessary to overcome some delicate technical 
points. 

This paper is organized as follows. In Section [2] we extend previous results 
in flTll concerning the stationary problem with Dirichlet boundary conditions and 
characterize the geometry of the functional that allows the variational treatment of 
this problem. In Section [3] we build the existence theory for the parabolic problem 
with both sets of boundary conditions and the presence of a source term. Section [4] 
is devoted to the analysis of the long time behavior and the blow-up in finite time of 
the solutions to the Dirichlet problem in the absence of a source term; this analysis 
is carried out taking advantage of the gradient flow structure of the equation in this 
case and of the so-called potential well techniques. Finally, in Section[5]we present 
some further results, including the proof of finite time blow-up of the solutions 
to the Navier problem for large enough initial conditions, and propose some open 
questions. 


2. The stationary problem 

2.1. Existence of solutions with Dirichlet conditions. In the sequel, we need 
several different norms. All the norms in lI /S:p -spaccs will be reported explicitly 
(that is, || • ||w«.p(n)) exce Pt for the L p -norm and the IFq ' -norm, respectively 
denoted by 


H\ p p = 


\u\ P , 


Mloo = ess sup |u(x)| 


Ml 2 = IIAri||| = / |Ait| 2 , 
Jn 


(1 < p < oo) 
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We start by focusing on the following nonhomogeneous problem 

( A 2 u = det (D 2 u) + f in 12 

(3) < u = g on <912 , 

y u v = h on <912 

where / G L 1 (fl), g G PC5’ 2 (<912), h G IT2’ 2 (<912). The following result holds. 
Theorem 2.1. There exists 7 > 0 such that if 

(4) ||/||i + 11511 vf 3 / 2 ' 2 (an) + ll^lltF 1 /2.2(an) < 7 

t/je/i 0 admits at least two weak solutions in PE 2,2 ( 12 ), a stable solution and a 
mountain pass solution. 


Proof Consider the auxiliary linear problem 

| A 2 v = f in 12 

(5) < v = g on <9f l . 

y v u = h on 912 

In view of the embedding L l {fX) C W~ 2,2 (Pl), llT8l Theorem 2.16] tells us that 0 
admits a unique weak solution v G W 2 ' 2 {fl) which satisfies 

(6) \\D 2 v\\ 2 < C(||/||t + 11*711^3/2 > 2 (an) + ll^lltF 1 / 2 . 2 (an)) 

for some C > 0 independent of /, g, h. Subtracting Q from ([3]) and putting 
w = u — v we get 

( A 2 w = det[D 2 (w + a)] in 12 
\ w = w v = 0 on 912 ' 


This problem can be written as 

^ J A 2 w = det(D 2 w)+det(D 2 v)+v xx w y y+w xx Vyy-2w xy v X y in 12 


w — Wu — 0 on <912 

By combining results from J7] [8, l32l . Escudero-Peral lfT3l proved that for all 
G Wq ,2 (12) one has that det(/9 2 u) belongs to the Hardy space and that 


det(Z2 2 «) = ^ u x u yy ^j 
in 22'(11). Moreover, 


xy 


- 1 2( U >)„~1 (U2 


yy 


(8) / u det(D 2 u) = 3 / u x u y u xy \/u G VEq’ 2 (12). 

Jn Jn 

These facts show that 0 admits a variational formulation. The corresponding 
functional reads 


K(w) = 


I Ami 2 , , . W 2 V XX W 2 Vyy 

— w x w y w X y — det (D 2 v)w -\— h vy 


2 'W x WyV X y 
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Note that, by the embedding Wq' 2 (VL) C Wo’ 4 (fi), we have 

K(w) > - f [w x w y w xy + det(D 2 v)w\ + ^11Alt'111 - C\\D 2 v\\ 2 \\Aw\\l, 

Jn z 

so a mountain pass geometry © is ensured for small enough ||D 2 r;|| 2 . In view of 
©’ the mountain pass geometry is ensured if 7 in <(4]) is sufficiently small. This 
geometry yields the existence of a locally minimum solution and of a mountain 
pass solution. □ 


Theorem |2. 1 1 generalizes the following statement proved in Ifl3l : 


Corollary 2.2. The Dirichlet problem 

f A 2 m = det(T> 2 w) 
W 1 u = Uu = 0 


in fl 
on dfl 


admits a nontrivial weak solution u E Wq ,2 (fi). 


Concerning the regularity of solutions, we have the following statement. 

Theorem 2.3. Assume that, for some integer k > 0 we have: Oil E C k+i , f E 
W k ’ 2 {n), g E W k+7 / 2 ’ 2 {dn), h E W k+b / 2 ’ 2 (dfl). Then any solution to © 
satisfies 

u G w k+4 ' 2 {n). 

In particular, any solution to © is as smooth as the boundary permits. 

Proof By duality, from the embedding lCQ , 2 (fl) C L°°(Q) we infer that if (11) C 
[L 00 ^)]' C W~ s,2 {Ti) for all s > 1. Therefore, for any solution u E W 2 ' 2 (£T) 
to © we have det(Z? 2 u) E W~ s ' 2 (fl) for all s > 1. Therefore, even if k = 0, 
we have A 2 u E VC -s,2 (fi) and, in turn, u E W r,2 (fl) for any r < 3. A bootstrap 
argument and elliptic regularity then allow to conclude. □ 

Remark 2.4. If we stop the previous proof at the first step, we see that, in a C 3 
domain, any solution to 

( A 2 u = det (D 2 u) + / in 
| 11 = «„ = 0 on dfl 

with / E L 1 ( Q) belongs to W r,2 (fl) for any r < 3, which slightly improves the 
result in m. Note also that these arguments take strong advantage of being in 
planar domains. 


2.2. The Nehari manifold and the mountain pass level. The energy functional 
for the stationary problem © is 

(10) J(v) = \ [ |A-l-I 2 - [ v x v y v xy VT E W 0 2,2 (fl). 

1 Jn Jti 

It is shown in Ifl3l that J has a mountain pass geometry and that the corresponding 
mountain pass level is given by 

(11) d = inf max J(y(s)) 

7 er o<s<i v 
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where T := {7 e C([0,1], Wq , 2 (fl)); 7 ( 0 ) = 0, J( 7 (l)) < 0}. We aim to 
characterize differently d and to relate it with the so-called Nehari manifold defined 
by 


AA:= {neFF 2 ' 2 (F!)\{0}; (J'(v),v) = 


-3 


V x VyV X y — 0 | 


where (•, •) denotes the duality pairing between W 2 ' 2 (fi) and Wq’ 2 (LI). To this 
end, we introduce the set 


( 12 ) 


B := {v £ Wq’ 2 (0); / V x v y v xy = 1} . 
fit 


It is clear that v £ J\T if and only if av £ B for some a > 0. In particular, not on 
all the straight directions starting from 0 in the phase space Wq’ 2 (LI) there exists 
an intersection with A f. Hence, A f is an unbounded manifold (of codimension 1) 
which separates the two regions 

A/+ = jn € Wq’ 2 (H); ||n || 2 > 3 J v x v y v xy ^ 


and 

N~ = G Wo’ 2 (H); ||n|| 2 < 3 J v x v y v xy ^ . 

The next result states some properties of A/±. 

Theorem 2.5. Let v £ Wq ,2 (Li), then the following implications hold: 

(i) 0 < ||n|| 2 < 6 d ==>- v £ A/+; 

(ii) v £ A/+, J(v) < d =>• 0 < ||n|| 2 < 6 d; 

(iii) v £ M- =>■ ||n|| 2 > 6 d. 

Proof. It is well-known 01 that the mountain pass level d may also be defined by 
(13) d = min J(v) . 

v£j\f 

Using ( p~3| ) and the definition of A f we obtain 

,.112 r 


d = min J(v) = min 

vGAf vGjV 




= mm 


v&N 6 


which proves (i) since J\f separates A/+ and J\f-. 

If v £ A/+, then — J n v x v y v xy > — ||n|| 2 /3. If J(v) < d, then ||n || 2 — 
2 Jq v x v y v xy < 2d. By combining these two inequalities we obtain (ii). 

Finally, recalling the definitions of A/±, (iii) follows directly from (i). □ 


A further functional needed in the sequel is given by 
(14) 

We provide a different characterization of the mountain pass level. 


I(y) = / v x v y v xy 
Jn 
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Theorem 2.6. The mountain pass level dfor J is also determined by 

IL, 116 


(15) 


d = min 


es 54 


Moreover, d can be lower bounded in terms of the best constant for the (compact) 

(J n |A«l 2 ) 2 


embedding Wq' 2 (PI) C W 0 1,4 (fl), namely 


d > — min 


27 w 0 2 ’ 2 (O) f n |Vn| 4 


Proof For all v G ITq ,2 (fl) consider the map f v : [0, +oo) - 

fv(s) = J(sv ) = %r f |An| 2 - s 3 / v x v y v xy . 
z Jn Jn 

If I(v) < 0, the map s i-A f v (s) is strictly increasing and strictly convex, attaining 
its global minimum at s = 0; in this case, f v has no critical points apart from s = 0. 
So, the mountain pass level is achieved for some function v satisfying I(v) > 0. 
For any v G B, see o we have 

fv{s) = ML S 2 - S 3 . 

It is straightforward to verify that the map s i —> f v (s) is initially increasing and 


defined by 


then strictly decreasing. It attains the global maximum for s = 


and 




Hence, 


max J(sv) = - 

s>o 54 


\/veB 


By the minimax characterization of the mountain pass level we see that ( fT5] ) holds. 
Next, note that integrating by parts we obtain 


i 


v,.{v 2 y)x = -\ I v xxV 2 y = ~ I Aw 2 + i j (n 3 )y , 
1/ 1/ ^ 


1 


1 


1 


I( V ) = - / Vy{V x )y = -- / VyyV x = ~~ / Av V x + 77 / («*)s , 


J yv ~x 9 

>n z Jn 


6 


Vv g (n). 

Adding these expressions and invoking the divergence theorem leads to 

= ~\ I Av l v ^! 2 + 4 / + ( v y)wl = “7 / iVif 

i/t/i/ 

Vv G VF 0 2,2 (H) . 


(16) 

Therefore, by Holder inequality, 


(17) 7(n) < ^ |An| 2 ) ' (jf |Vn| 4 ) ' to G FF 2 ’ 2 (H) 
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and, according to (fl5|), we infer 


d 


1 

54 


(JnlA^I 2 ) 3 

m 



min 

Wq 2 ’ 2 (ft) 


(Jol^l 2 ) 2 

Jol^l 4 


where X := {n G FFq’ 2 (fi); J(u) > 0}. 


□ 


In Figure |2.1| we sketch a geometric representation of the Nehari manifold A f 
which summarizes the results obtained in the present section. 



Figure 2.1. The phase space FFq ,2 (fi) with: A f = Nehari mani¬ 
fold, M = mountain pass point, and I given by ([14]). 


3. The parabolic problem with source 
This section is devoted to the study of the evolution problem 

(18) ut + A 2 tt = det(D 2 u) + Xf infix (0,T) 

for some T > 0. We consider both the sets of boundary conditions u\q<_i = 
u v \da = 0 (Dirichlet) and u\on = Xu\oq = 0 (Navier). Here and in the sequel we 
will be always considering weak solutions. 

We start by proving a result concerning an associated linear problem. 

Theorem 3.1. Let 0 < T < oo and let f G L 2 (0, T; L 2 (fi)). The Dirichlet 
problem for the linear fourth order parabolic equation 

(19) ut + A 2 u = / in fi x (0, T), 

with initial datum uq G FFq’ 2 (fi) admits a unique weak solution in the space 

C([0, T); VFg’ 2 (fi)) n L 2 (0, T; PF 4 ’ 2 (fi)) (T FF 1>2 (0, T; L 2 (fi)). 

The corresponding Navier problem with initial datum uq G VF 2,2 (fi) H VFQ ,2 (fi) 
admits a unique weak solution in the space 

c([o, T) ; w 2 ’ 2 ( fi) n Wo’ 2 (D)) n l 2 (o, t ; iy 4 ’ 2 (fi)) n w 1 ’ 2 ^, t- l 2 (fi)). 

Furthermore, both cases admit the estimate 

sup ||Au||!+ [ 

0 <t<T JO 


T 


■T 


■T 
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Proof. Step 1. Existence via Galerkin method. We will focus herein on 
Dirichlet boundary conditions; the proof for the Navier problem follows with ob¬ 
vious modifications. Let no E VLq ,2 (12) and consider the following linear problem 

( u t + A 2 n = / in 12 x (0, T) 

(20) < u = Uv = 0 on <912 x (0, T ) 

[ n(x,0) = no(x) in 12 . 

Let {wk}k >t C PLq ’ 2 (12) be an orthogonal complete system of eigenfunctions 
of A 2 under Dirichlet boundary conditions normalized by 1111 2 = 1. Denote by 
{Afc} the unbounded sequence of corresponding eigenvalues and by 

Wk := span{u>i,..., Wk} Vk > 1. 

Denote by (-, -) 2 and (•, •) the scalar products in L 2 (i 2) and VLq’ 2 (12). Lor any 
k > 1 let 

k k 

Uq := y^fuo,Wi) 2 Wi = A~ 1 (n 0 , Wj) Wj 

2=1 2=1 

so that Uq —> uq in Wq’ 2 (12) as k —> + 00 . Lor any k > 1 we seek a solution 
ilk E 1L L2 (0. T: Wk) of the variational problem 

[ (u'{t),v) 2 + ( u(t),v ) = {f{t),v ) 2 

(21) < for any v E Wk for a.e. 2 E (0, T ) 

l «(0) = ng . 

We seek solutions in the form 

k 

= '%29i(t)wi 

2=1 


so that for any 1 < 2 < /,: the function solves the Cauchy problem 

f (S*(t))'+ *#*(*) = (f(t),Wi ) 2 

\ 9?{ 0) = (u§,Wi) 2 . 

The linear ordinary differential equation p2| ) admits a unique solution gf such that 
< 7 ^ E W 1 , 2 (0, T), and hence also (21 1 admits Uk E W 1 , 2 (0, T; 124) as a unique 


solution. 
Note that 


A 2 u k {t) = ^2 9 i{t)hwi E W k for a.e. 2 E (0, T) 


2=1 


so that by testing equation ( |2T| ) with v = A 2 Uk(t) we obtain that for a.e. 2 G (0 ,T): 
After integration over (0,2) we obtain 

||wfc(2)|| 2 -||Wolh + ll M fcllL 2 ( 0 ,t;lT 4 ' 2 (n)) — j Q ^Ill( s )ll2 + 2 H Ufc ( S )lltT 4 ’ 2 (a)^ d s 
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and therefore 

ll u fc||^o°(o i T;W 0 2 ’ 2 (Q)) 2 H Ufc lli 2 (0,T;EF 4 ' 2 (n)) — ll' U oll" + ^11 /IIL 2 (0,T;L 2 (ST))• 

Since the sequence {ttg} is bounded in W^' 2 (Q), we infer that 

{u fc } is bounded in L“(0, T; W 0 2 ’ 2 (U)) n L 2 (0, T; (U 4 ’ 2 (U)). 

Whence, we may extract a subsequence, still denoted by {uk} such that 

u k ->•* umL°°(0,T; W$' 2 (n)) and -»■ u in L 2 (0, T; TU 4 ’ 2 (H)) . 

Moreover, since u’ k = —A 2 Uk + f in the weak sense, we also have that 
L 2 (0, T ; L 2 (fi)) and that 

u' fc u' in L 2 (0,T;L 2 (H)). 

Hence, by letting k —> oo in we see that 

u £ L°°(0, T; W 0 2 ’ 2 (fi)) n L 2 (0, T; TU 4 ’ 2 (U)) n W ll2 (0, T; L 2 (H)) 

solves the problem 

( (u'(t),v ) 2 + (u(t),v) = (f(t),v) 2 
(23) < for any v £ Wo’ 2 (H) for a.e. £ £ (0, T) 

[ tt(0) = n 0 • 

By interpolation between L 2 (0, T; TU 4,2 (f2)) and Vk 1,2 (0, T; L 2 (fl)) we obtain 
n£C([0,T);^ 2 ’ 2 (H)). 

Step 2. Estimates. The existence result justifies the following calculations 
performed in order to obtain the desired estimate. We multiply equation ( fT9| ) by 
A 2 n and integrate by parts over U the result to find 

^ll A ^lll + II a2 ^II 2 = ( A V/) 2 < ||| A2 n|| 2 + l||/|| 2 for a.e. t £ (0,T) 
for any e > 0. Upon integration in time we obtain 

sup ||Au|||+ [ \\A 2 u\\l<C (\\Au 0 \\l+ [ 11/lllV 

0 <t<T Jo V Jo / 

To conclude multiply equation ( p~9| ) by an arbitrary function v £ L 2 (fi) to get 
o, Ut) 2 + (v, A 2 n) 2 = (v, f) 2 for a.e. t £ (0, T). 

This equality implies the inequality 

(v,Ut) 2 < ||/|| 2 ||u ||2 + ||A 2 u|| 2 |M| 2 . 

Now taking the supremum over all v £ T 2 (U) such that | v 11 2 = 1 and the fact 

sup(n, ut ) 2 = IKH2, 

V 

we find 



and the desired inequality follows immediately. 
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Finally, uniqueness follows by a standard contradiction argument. □ 

We now state the main result of this section. 


Theorem 3.2. The problem 

( ut + A 2 u = det(.D 2 u) + A/ in 12 x (0, T) 

(24) < u(x, 0) = uo(x) in 

^ u(x, t) = u v (x, t) = 0 on d Tl x (0, T) 

admits a unique solution in 

X T := C([0, T); FF 2 ’ 2 (ST)) n L 2 { 0, T; IE 4 ’ 2 (H)) n W 1,2 (0, T; L 2 (H)), 

provided one of the following set of conditions holds 

(i) no G Wq' 2 {TL), f G L 2 (0, T; L 2 (Q)), A G M, andT > 0 is sufficiently small; 

(ii) T G (0, oo), / G L 2 (0, T ; L 2 (f2)), and ||uo|| and |A| are sufficiently small. 
Moreover, if[ 0, T*) denotes the maximal interval of continuation ofu and ifT* < 
oo then ||u(t)|| —> oo as t —>• T*. 

An identical result holds for the Navier problem but this time the solution be¬ 
longs to the space 

y T ■= c([0, T); W 2 ’ 2 {Q) n W 0 1,2 (fi)) n L 2 (0, T; W 4 ’ 2 ( fi)) n W 1>2 (0, T; L 2 (fi)), 
assuming that the initial condition uq G PF 2,2 (fi) n VFq’ 2 (I7). 

Proof For all u G 1F 4 ‘ 2 (0) we have 

|| det(.D 2 «)|| 2 = [ | det(T> 2 n)| 2 < C [ \D 2 u\ A < C||D 2 n||^ [ \D 2 u\ 2 

Jq Jq, J q 

< C||An||^||An|| 2 <C||A 2 n|| 2 ||Au|| 2 , 


where the determinant of the Hessian matrix is estimated with the Euclidean norm 
of this matrix squared in the first inequality, a Holder inequality in the second 
inequality, the estimation of homogeneous Sobolev norms with the correspond¬ 
ing norms of Laplacians in the third, and the Sobolev embedding VF 4,2 (H) 
FF 2 ’°°(H) in the fourth. Hence, ifn G C([0, T); W 2 ' 2 (Vl)) n L 2 (0, T; IE 4 ’ 2 (H)), 
we may directly estimate 

||det(Z) 2 n)||^ 2(0iT;i2(n)) = J r \\det(D 2 u)\\l<C ||A 2 n||| ||Ati||| 

f T 

< C sup 11Alt11 2 / ||A 2 u ||2 < oo 

0 <t<T Jo 

which proves that 
(25) 

uGC([0, T); VF 2 ’ 2 (H))nL 2 (0, T; FF 4 ’ 2 (H)) => det(E» 2 n) GL 2 (0, T; L 2 (H)). 


In what follows we focus on the Dirichlet case since the proof for the Navier 
one follows similarly. We introduce the initial-Dirichlet linear problems 


f (■ ui) t + A 2 rti = det(D 2 vi) + A/ , m(x, 0) = u 0 (x) , 
\ ( u 2 )t + A 2 u 2 = det(-D 2 w 2 ) + A/ , u 2 (x, 0) = u 0 (x) , 
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where v\,v 2 G Xj- Theorem [371] and ( [23] ) show that u\, 1/2 G TV- Subtracting the 
equations in ( [26] ) we get 

(tti - u 2 )t + A 2 (ui - w 2 ) = det(D 2 ni) - det (D 2 v 2 ) , (ui - tt 2 )(x, 0) = 0 , 
and upon multiplying by A 2 (rti — u 2 ) and integrating we find 

(A 2 (m - u 2 ), (tti - u 2 )th + (A 2 (ni - u 2 ), A 2 (ui - u 2 )) 2 = 

(A 2 (rii - u 2 ), det(T> 2 r>i) - det(D 2 n 2 )) 2 . 

This leads to the inequalities 

ld|| A( „ 1 _„ 2) ||2 + || A 2 ( „ 1 _„ 2) ||2< 
t|| A 2 (Ki - ti 2 )11 2 + I||det(£>V) — det(-D 2 v 2 )III 

and, in turn, 

(27) ^||A(m “ '^ 2 )111 + l|A 2 (tti - u 2 )||l < || det(D 2 m) - det(T> 2 n 2 )|| 2 . 

We split the remaining part of the proof into three steps. 

Step 1. Existence for arbitrary temporal lapses. 

We start focussing on the case T < 00 and estimating the term containing the 
determinants 

(28) ||det(L> 2 ui)-det(L> 2 u 2 )|| 2 2 <C [\D 2 { Vl - v 2 )\ 2 (\D 2 Vl \ + \D 2 v 2 \) 2 < 

Jn 

C'(||A Vl ||i 0 + ||A^ 2 ||^ 0 )||A(^ 1 -^ 2 )||l < C'(||A 2 ^ 1 ||| + ||A 2 ^ 2 ||1)||A(^ 1 -^ 2 )||1, 

to infer from ( |27] ) 

^||A(iti -u 2 ) ||1 + ||A 2 («i u 2 ) 11 2 < C'dl A 2 -ui ||| + ||A 2 n 2 || 2 )||A(ni -n 2 )||l. 

Integrating with respect to time we obtain 

(29) sup \\A(ui-u 2 )\\l+ [ \\A 2 (u 1 -u 2 )\\l< 

0 <t<T Jo 

C sup ||A(m - T 2 2 )III [ (||A 2 ^! Ill + IIA 2 t 2 2 III). 

0 <t<T Jo 

Now consider a function w G L 2 (Q) and the scalar product 

(w, (m - u 2 ) t ) 2 + (w, A 2 (u\ - u 2 )) 2 = ( w, det(D 2 vi) - det(i9 2 u 2 )) 2 . 

We have the estimate 

(w, (to - u 2 ) t ) 2 < 

||m|| 2 ||A 2 (rii - u 2 )|| 2 + ||u>|| 2 || det(D 2 m) - det(.D 2 u 2 )|| 2 , 
and taking the supremum of all w G L 2 { fi) such that ||m|| 2 = 1 we get 

sup(m, (ui - u 2 )t) 2 < ||A 2 (tti - it 2 )|| 2 + || det(D 2 vi) - det(Z7 2 u 2 )|| 2 . 
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Therefore, from ( |28| ) we infer that 

II («1 - M2)t||| < 

C [||A 2 (ui - u 2 ) III + (||A 2 ni||^ + || A 2 u 2 ||lj)||A(ui - n 2 )||l] , 

and consequently, by using 


(30) sup ||A(«i - u 2 )|| 2 + / ||A 2 (ui - it 2 )||| + [ ||(ui - u 2 ) f || 2 < 
0 <t<T Jo Jo 

C sup ||A(m - u 2 )|| 2 [ (||A 2 ui|| 2 + ||A 2 u 2 || 2 ). 

0 <t<T Jo 

On the space Xt we define the norm 


u 


\x T : = su p II a m||2+ / II a2 m||!+ / IK|| 2 , 

0 <t<T Jo Jo 


so that ( |30| ) reads 

(31) ||«i - u 2 \\x T < c 


Ldo 


r T l V 2 

I A 2 ^1 III + ||A 2 u 2 |||) \\vi-v 2 \\x t . 


Now consider the unique solution U£ (see Theorem |3. 1 [ ) to the linear problem 

(ui) t + A 2 u e = A/, 

with the same boundary and initial conditions as ([26]). Then define the ball 

(32) B p = {u <E X T : \\u - ue\\x T < p}- 
Using estimate ( |3T| ) we find 

f r T \ V 2 

(33) IK - ue\\x T < C ( J ||A 2 Uj|||J \\vi\\x T < C\\vi\\ 2 XT , 

for i = 1.2. We use the triangle inequality 

(34) \\vi\\x T < || Vi - ue\\x T + \\ue\\x T 
together with (see Theorem |3.1[) 


(35) 


l T <C (|| Au 0 ||! + A 2 jT \\f\\i) =: CT(p, u 0 , A, /). 


to infer from d33])-([34])-([35]) that 


Mi — U(\\x T A C ( p 2 + || Audi 2 4" A 2 


!u 


and thus 

||Mi — Ug\\x T < p, 

for small enough p, |A| and || Auo|| 2 - 

By using (33)-(34 1-(|35|) and reasoning as before we can transform ([37]) into 

||mi - u 2 \\x t < CT(p,uo,X,f) 1/2 \\vi - v 2 \\ Xt - 
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Again, for p, |A| and ||Amo ||2 small enough we have 

M , 1„ 

IN - U 2 \\x T < 2 11^1 - ^2 II X T - 

The existence of a unique solution follows from the application of Banach fixed 
point theorem to the map 

A : B p -A- B p 

Vi FA Ui, 

for i = 1,2. The case T = oo follows similarly since T(p, no, A,/) does not 
depend on how large is T. 

Step 2. Local existence in time. 

By the Gagliardo-Nirenberg inequality 1031134 1. 

JIA^IU < C'||A^||^ /4 ||VA^||| /4 , (i = 1,2), 
we may go back to ( |27| ) and we improve ( |28| ) with 

|| det(D 2 v\) - det(D 2 n 2 )||l < C , (||Aui ||^ 0 + || Au 2 ||^)||ui - u 2 || 2 < 

CdlAmll^HVAmllf + ||An 2 ||f ||VAn 2 ||f )||m - n 2 || 2 . 

This, together with a Sobolev embedding, leads to 

^||iii - u 2 II 2 + ||A 2 (ui - u 2 )Hi < 

C'(l|Ani|| 2 /J ||A 2 ni|| 2 /2 + ||A-r; 2 1|o /2 1|A 2 -u 2 111 /2 )||r;i - u 2 || 2 . 

An integration with respect to time then yields 

[ T 

sup ||ni — ix 2 || 2 + / ||A 2 (tti — u 2 )||| < C sup Ijui — v 2 1| 2 x 

0 <t<T Jo 0 <t<T 


C\ sup |H| 1/2 rilAVllfT sup H^ll 1 / 2 I' \\A 2 v 2 \\ 3 2 /2 ) . 
\ 0 <t<T Jo 0 <t<T Jo J 

We proceed making use of Holder inequality to find 

f T 

sup I|ui - tt 2 || 2 + / ||A 2 (rii — if 2 )||| < CT 1 / 4 sup ||iq — v 2 1| 2 x 
0 <t<T Jo ~ 0 <t<T 


sup |M| i/2 f f IIA 2 ^ 1 1||^) + sup ||v 2 || 1/2 ( [ IIA 2 v 2 ||| N ) 

0 <t<T \J 0 J 0 <t<T \J 0 / 

Combining the estimates above with the arguments in Step 1 yields 


3/41 


Ui - u 2 \\x t < CT 1/4 \\vi — V 2 \\x t X 


sup ]H| 1/2 
0 <t<T 



+ sup ||u 2 || 1/2 
0 <t<T 




3/4- 


1/2 
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Consider again the ball B p defined in (32». In this case we have 

,T _ X 3/8 

^112 I IK||;t T 


\ui-u t \\x T KCT 1 ' 4 sup IK I 

0 <t<T 


1/4 


|AV " 2 


' 0 


for i = 1.2. Arguing as in Step 1 of the present proof we get 

IKi-^IU T < c'K 4 r(p,u 0 ,A,/), 

and thus 

IK - U(\\x T < p, 

for small enough T. Additionally we have 

IK - u 2 \\x t < CT L/i T(p,u 0 ,X,f) 1/2 \\v 1 - v 2 \ \x T - 
Again, for T small enough we find 

iKt - u 2 \\x t < * IK - v 2 \\x t - 

The existence of a unique solution to ( |24| ) follows from the application of Banach 
fixed point theorem to the map 


A:B a -A Bfj 

Vi Ui 


(* = 1 , 2 ). 


We have so found T = T{ A, |KII) such that (24 1 admits a unique solution over 
[0, T] for all T <T. 

Step 3. Blow-up. 

We argue by contradiction. Assume that [0, T*), with T* < 00 , is the maximal 
interval of continuation of the solution, and that liminf^y* ||it(t)|| = 7 < 00 . 
Then there exists a sequence {t n } such that t n —> T* and ||rt(f ra )|| < 27 for n 
large enough. Take n sufficiently large so that t n + T{ A, 27 ) > T*, where T is 
defined at the end of Step 2. Consider u(t n ) as initial condition to (24). Then Step 
2 tells us that the solution may be continued beyond T*, contradiction. □ 


Corollary 3.3. Let u be a solution as described in Theorem \3.2\ during the time 
interval (0, T]. Then there exists a real number e > 0 such that the solution can be 
prolonged to the interval (0, T + e]. 


Proof. This result is a consequence of Step 3 in the proof of Theorem|3.2| 


□ 


It is possible to prove higher regularity of the solution if we neglect the source 
term. 

Corollary 3.4. Let u be a solution as described in Theorem 3.2 to equation © 
with A = 0. Then u 2 € C 1 (0, T; L 1 (fl)). 
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Proof. The regularity proven in Theorem |3.2| for the solution u to ( fl8| ) implies that 

det(D 2 u) G C([0, T); L 1 (0)) and A 2 u G C([0, T)-W~ 2 ' 2 {VL)) so that 

u t = -A 2 u + det {D 2 u) G C([0, T); fU~ 2 ’ 2 (U)) 

and, in turn, u G C' 1 (0, T; 1U _2 ' 2 (0)). Combined with u G C([0, T); TUg ,2 (fl)) 
this yields uut G C([0, T); L 1 (fl)) and, additionally, u 2 G C' 1 (0,T;L 1 (0)). □ 


The following result bounds the growth of the norm of solutions. 
Theorem 3.5. Ifu G Xt solves ( |24| ) t/zen, 

(36) V M, e > 0 3 t = r(M, e) > 0 : 

(||u 0 || < M, t < t'J ==> \\u(t)\\ < M + e . 

A similar statement holds for the corresponding Navier problem. 


Proof. We focus on the Dirichlet problem as the proof for the Navier case follows 
identically. We compute 

t^I|Au|| 2 = (An t , Au) = (A 2 u,u t ) 2 = 

—1| A 2 zi||| + (A 2 n,det(T> 2 n)) 2 + (A 2 u, A/) 2 < 

—1|A 2 n|| 2 + ||A 2 t/|| 2 || det(T> 2 n)|| 2 + |A| ||A 2 'u|| 2 ||/|| 2 , 

by means of the application of the boundary conditions, the application of the equa¬ 
tion and Holder inequality. Young inequality leads to 

^||n|| 2 < ||det(L> 2 u)||| + A 2 ||/|||; 

now choosing 0 < r < T and integrating in time along the interval (0, r) we find 

INr)|| 2 < llnoll 2 + f II det(D 2 u)\\ 2 + A 2 f ||/|| 2 < 

Jo Jo 


M 2 + / || det(L> 2 n)||2 + A 2 


to 


to 


Arguing as in Step 2 of the proof of Theorem 3.2 we transform this inequality into 

r T \ 3/ 4 


\u(t )\\ 2 < M 2 + C sup 11it 

0 <t<T 


15/2 


/pl \ r7 

01 t1/1+ ^ 


Using the concavity of the square root we conclude 


r T \ 3/8 

|«(r)|| < M + C sup ||u|| 5/4 I / IIA 2 -M?’I t V8 

0 <t<T 


A 2 u|| 2 r 1/s + |A| ( / ||/|| 2 


1/2 


and the statement follows by choosing a small enough r. 


□ 
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4. The parabolic problem without source 
In this section we consider the parabolic problem 


(37) 


ut + A 2 u = det (D 2 u) 
u(x, 0) = uo(x) 

u = u v = 0 


(x, t) E ft x (0, T), 
x € Ci 

(x, t) G dQ x (0, T). 


4.1. Preliminary lemmas. We start with the following result. 


Lemma 4.1. If u = v (t) solves (37) then its energy 


= [ \Au(t)\ 2 — [ u x (t)u y (t)u xy (t) 


satisfies 


d_ 

dt 


J(u(t )) = - [ ut(t ) 2 < 0 . 
Jn 


Proof. Two integrations by parts show that 

— f | Aii| 2 = 2{Aut, Au) = 2 f utA 2 u . 
dt Jn Jn 

Note that for any smooth function v G Ay, 

“77 [ VxVyVxy — [ (v x tVyV X y T V x VytV X y T V x VyV X yt) 

at Jn Jn 

and, since vt = 0 on Oil, integrating by parts we obtain 


I V x tVyV X y — / G. 1 VyV X y ) j 

In Jn 


/ tl x VytV X y — / 7 ’f l V x V X y I , 

In Jn v ' y 


Vx.VyVxyt = Vt[ VxVy ) , 

' /U V /a: 2/ 


./si ./si ' - -^y 

where, in the latter, we also used the condition that |Vt>| = 0 on Dil. By collecting 
terms, this proves that 

4; f v x VyV X y = f det (D 2 v)v t . 

By a density argument, the same holds true for the solution u G Ay to (371. Hence, 

^ J(u(t )) = f (A 2 u - det(D 2 u)^J u t = - f u 2 , 

which proves the statement. □ 

Lemma 4.2. Let uq G ILq ,2 (fl) he such that J(uq) < d. Then: 

(i) if uq G M- the solution u = u(t) to © satisfies J(u(t)) < d and u[t) G 
A f-for all t G (0, T); 

(ii) if uq G A/+ the solution u = u(t) to (371 satisfies J(u(t)) < d and u(t ) G 
N+for all t G (0, T). 
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Proof. If J(ito) < d, then J(u(t )) < d for all t £ (0, T) in view of Lemma 4.1 


Assume moreover that uq £ A /+ and, for contradiction, that v(t) fL A/+ for some 
f £ (0,T). Then, necessarily rt(f) £ A/" for some f £ (0,T) so that, by ( p~3] >, 
J(u(t)) > d, contradiction. We may argue similarly if uo £ A/"_. □ 

Next, we prove a kind of L 2 -Cauchy property for global solutions with bounded 
energy. 


Lemma 4.3. Let uq £ Wq ’ 2 (Q) and let u = u(t) be the corresponding solution to 

S (j(u(t)) — J(u(t + <5))^ V<5 > 0 


(1371). Then 


|it(i + 5) - u(t )llo < 


2 
2 ^ 


and 

(38) 


| u(t + i 


2 “ ||U 


< 


J(u(t )) — J(u(t + (5)) 


5 J ~ 5 

In particular, the map 1 i —> \\u(t) W 2 is differentiable and 


d ,, 
— \\u 
dt 


2 1 <-jP(u(t)). 


Proof By Holder inequality, Fubini Theorem, and Lemma 4.1 

2 


we get 


| u(t + 6) — u 


r rt+6 - p rt+8 

/ / u t {r) <5 / u t {r ) 2 

JflJt J Q, J t 

6 It (X U< ^ 2 ) = <5 ( J (' u ( t )) - •/(«(* + <*))) 


which is the first inequality. By the triangle inequality and the just proved inequal¬ 
ity we infer that 

(j|n(s + <5)|| 2 - ||u(s)|| 2 ^ < || u(s + 5) - ?x(s)||| < 5^J(u(t)) - J(u(t + 4))) 

Vcf > 0 

which we may rewrite as ( |38| ). Finally, the estimate of the derivative follows by 
letting 6 0. □ 

Also the derivative of the squared /A-norni has an elegant form: 

Lemma 4.4. Let uq £ Wq' 2 (LI) and let u = u{t) be the corresponding solution to 
m Then for all t £ [0, T ) we have 


(39) 


1 d „ 
- \\u 

2 dt 


2 + \\ u 


3 j tlxif^Uyit^jVjxyif) - 0 


Proof Multiply ( f37j ) by u(t), integrate over Q, and apply ([8]) to obtain ([39]). 


□ 


Finally, we prove that the nonlinear terms goes to the '‘correct” limit for W 22 (Q)- 
bounded sequences. 
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2 2 

Lemma 4.5. Let {Uk } be a bounded sequence in W 0 ’ (Q). Then there exists u E 


such that Uk —*■ u in Wq' 2 (LI) and 

fi det(D 2 u) V0 E TF 0 2 ’ 2 (F1), 


/ fi det (D 2 u k ) -» / 
after passing to a suitable subsequence. 


Proof The first part is immediate and follows from the reflexivity of the Sobolev 
space Wq' 2 (LI). The second part cannot be deduced in the same way because 
L 1 (fl) is not reflexive and consequently the sequence det (IT 2 ?//.) could converge 
to a measure. For all v, w E Cfi(Q) some integrations by parts show that 


(40) 


w det 


in 


(D 2 v) = [ 
Jn 


1 2 1 2 

— / v Xl v X2 w XlX2 2 v x 2 Wx i x i 2 Vx i W x2X2 ' 


A density argument shows that the same is true for all v, w E Wq’ 2 (LI). Therefore 

2 2 

for any © E W 0 ’ (Ll) and any k we have 

/ 0 det = I (Uk) Xl (Uk)x 2 ( f > xiX 2 — 7,( u k) X2 4 > xixi — ~ (^k)xi < t > x 2 x 2 ■ 

Jn Jn z z 


By compact embedding we know that Uk 
weakly in Wq' 2 (LI), and thus 


u strongly in W^f (0) since Uk —*■ u 


lim / f det ( D 2 Uk ) = 

k—>oc Jo 


[ _ - , _ 1-2 , _ 4-2 , 

I U Xl U X2 (p XlX2 2 U X2 ( Px 1 x\ 2 U *© i 2 x 2’ 


after passing to a suitable subsequence. Applying again ( |40j ) leads to 
lim / f det ( D 2 Uk ) = / 0 det (D 2 u) , 

fc->oo dn 

after passing to a suitable subsequence. 


□ 


4.2. Finite time blow-up. Our first result proves the existence of solutions to ( |37[ ) 
which blow up in finite time. 

Theorem 4.6. Let no E A/"_ be such that J(uo) < d. Then the solution u = u(t) 
to (371 blows up infinite time, that is, there exists T > 0 such that ||n(t)|| —> +oo 
as t /* T. Moreover, the blow up also occurs in the ITg ’ ( Cl)-norm ,, that is, 
H u ( t )llw 0 1 ’ 4 (n) +°° as t /*T. 


Proof. Again, since uq 0 A f, we know that, by Lemma 4.1 we have J(u{t )) < d 
for all t > 0. Therefore, possibly by translating t, we may assume that J(n(0)) < 
d and, from now on, we rename uq — n(0). We use here a refinement of the 
concavity method by Levine 11291 , see also ||35l(391. Assume for contradiction that 


the solution n = u(t) to ([37]) is global and define 
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so that, by Theorem 3.2 and Corollary |3.4[ M E C 2 (0, oo). Then 

Af'(t) = 

and, by ( [39) , 


\u(t)\\t 


M"(t ) = -3J(u(t)) + 


Ht) ih 


By the assumptions on uq and by Lemma |4.2| we know that u(t) E AT for all 
f > 0. In turn, by Theorem 2.5 we infer that \\u(t)\' 2 > 6 d for all t > 0. Hence, 
recalling Lemma 4.1 and the assumptions, we get 

"«(*) II 2 


M "(£) > -3J(uq) + 

This shows that 

(41) 


> 3 (d — J(uq)) > 0 


for all t > 0 . 


lim M(t) = lim M'(t ) = +oo . 

t—¥ oo t—> OO 


By Lemma 4.1 we also infer that 


so that 


J(u{t)) = J(u o)-/ Iki( s )ll 2 
Jo 


M"(t) =3 J* \\u t (s)\\ 2 2 - 3J (uq) + > 3 


KWIl! 


since ||u(f)|| 2 >6 d > 6 J(uq). By multiplying the previous inequality by M(t ) > 
0 and by using Holder inequality, we get 


rt 


M"(t)M(t) > 



o Jn 


2 Jo 

3 


KWIIl 


l«Wlll> 


u(s)u t (s)j = 0)) 


By ( |4T) we know that there exists r > 0 such that M’(t) > 7M'(0) for t > r so 
that the latter inequality becomes 


(42) 


54 

> ^/'(f) 2 


for all t > t 


This shows that the map t i-A M(t ) -5 / 49 has negative second derivative and is 
therefore concave on [r, +oo). Since M(t)~ 5 ' 49 —> 0 as t — > oo in view of ( |4T) , 
we reach a contradiction. This shows that the solution u(t) is not global and, by 
Theorem 3.2 that there exists T > 0 such that ||it(f)|| — > +oo as t /* T. 


Since by Lemma [4~2] we have that u(t) E N- for all t > 0, by ( [17) we infer that 


K*)ll < 3 J^U x (t)Uy(t)u xy (t) < -||li(f)|| \Ho)W w l A{n) 


for all t > 0 


so that I In 


< f ||« 


<’ 4 (f2) 


and the VL 0 1 ’ 4 (H)-norm blows up as t /* T. □ 
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Next, we state a blow up result without assuming that the initial energy J(uo) is 
smaller than the mountain pass level d. Let Ai denote the least Dirichlet eigenvalue 
of the biharmonic operator in <> and assume that uo E Wq' 2 (Q) satisfies 

(43) Ai||uo||2>6J(u 0 )- 

By Poincare inequality ||no|[ 2 > Ai ||rxo|||’ we see that if uo satisfies (43), then up E 
M— However, the energy J(uq) may be larger than d. For instance, let e 1 denote 
an eigenfunction corresponding to Ai with the sign implying J n e^e^e^y > 0 . If 
we take uq = ae 1 , then ( [43] ) will be satisfied for any a > a where a is the unique 
value of a > 0 such that ae 1 E Jf. And, by ( fl3| ), we know that J(ae l ) > d. So, 
for a > a sufficiently close to a we have J(ae l ) > d, that is, we are above the 
mountain pass level. 

Assumption ( |43| ) yields finite time blow-up. 

Theorem 4.7. Assume that uq E ILq ' 2 (H) satisfies (43). Then the solution u = 
u(t) to © blows up infinite time, that is, there exists T > 0 such that \ u ( 

+oo and ||u(f) ||^i. 4 (q) -a +oo ast f'T. 


Proof. We first claim that if u = u(t ) is a global solution to (371 then 
(44) liminf ||u(i)|| < +oo 

OO 


For contradiction, assume that the solution u = u(t) to (37) is global and that 
(45) ||rt(t) ||->+oo as t —> +oo . 


In what follows, we use the same tools as in the proof of Theorem 4.6 Consider 
again 


M( t ) := \ 




Then 


M"(t) = -3 J(u(t)) + 


Ht) |p 


+oo 


as t —> +oo 


because of ( |45| ) and Lemma |4. 1 1 (the map t i-)- —3 J(u(t)) is increasing). This 
proves again <E0>. 

By Lemma [4~T| and using (45 1 we also infer that there exists r > 0 such that 


M"{t)> 3 / ||rtt(s)||| Vt > r . 


By multiplying the previous inequality by AI(t) > 0 and by using Holder inequal¬ 
ity, we find 

M"(t)M(t) > - M'(0)) 2 Vt > r 

and that ( |42j ) holds, for a possibly larger r. The same concavity argument used in 
the proof of Theorem 4.6 leads to a contradiction. Hence, ( [45] ) cannot occur and 
( [ 44 ] ) follows. 
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Next, by Poincare inequality and Lemma [4~T| ( [39] ) yields 

^\\u(t)\\l = -6 J(u(t)) + ||'u(t)|| 2 > —6J(n 0 ) + Ai||n 

By putting-00(t) := — 6 J(uq) + Ai ||z/,(i) |||, the previous inequality reads i/>' 0 (t) > 
AiV’o(f)- Since © yields r/y>(0) > 0, this proves that r/>o (i) —> oo as t —> oo. 
Hence, by invoking again Poincare inequality, we see that also ( |45| ) holds, a situa¬ 
tion that we ruled out by proving ( [44| ). This contradiction shows t hat T < oo. The 

□ 


blow up of the H / 0 1,4 (H)-norm follows as in the proof of Theorem 

Let uq E Wq ,2 (fi) and let u = u(t) be the local solution to ( |37j ). According to 
Theorem |3.2[ the solution blows up at some T > 0 if 


4.6 


(46) 


lim \\u 
t^-T 


= Too . 


We wish to investigate if the (finite time) blow up also occurs in different ways. In 
particular, we wish to analyze the following forms of blow up: 


(47) 

(48) 


lim IM| L 2(oy ; VE 0 2 ’ 2 (n)) - +°° 


t^rT 


lim ||rt(t)|| 2 = Too , 
t-+T 


(49) 

Clearly, 


lim H' u llL 4 (0,i;W 0 M (Q)) ~ +°° 




implies ( |46l ). We show that also further implications hold true. 

2 2 

Theorem 4.8. Let uq £ W 0 ’ (H) and let u = u{t) be the local solution to 
Assume that ( |46[ ) occurs for some finite T > 0. Then there exists r E (0, T ) such 
that u(t ) E A f- for all t > r. 

Moreover: 

0) If © occurs, then ( |48| ) occurs. 

(H)If < |48[ ) occurs, then ( |49| ) occurs. 

Finally, ( |48[ ) occurs if and only if 

(50) lim j j Art(s)|V'u(s)| 2 ^ = —oo . 


Proof. For contradiction, assume that there exists a sequence t r 

u(t n ) E (Af LlAf+). Then 


T such that 




which, in view of ( |46| ), implies that 

l r i 

J = 7T ||tt(fn) || / ^x{fn)tly{tn)'tl'xy{fn) A V. \\ ^fr: 

1 Jn h 


Too 


as n —> oo. This contradicts Lemma 4.1 Hence, there exists r E (0, T) such that 
u{t) E Af- for all t > r. 
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Integrating ((39]) over [0, t] for 0 < t < T yields 


(51) 


u(t )\\2 = IMI 2 + / (-2||u(s)|| + 6 / u x (s)uy(s)u xy (s) 


By Lemma 4.1 we know that J(u(t )) < J(uq), that is, 

2 [ u x (t)u y (t)u xy (t ) > \\u(t)\\ 2 - 2 J(u 0 ) 
Jn 

Hence, ( |5TT ) yields 

IKi)||! > ll^olli + [ ||«(s )|| 2 - 6J(u 0 )t 
Jo 

Letting t T we see that ( |47| ) implies ( |48| ). 

Using © into ( |5T) yields 


Vt G (0, T) 


Vt G (0, T) 


(52) 


Kt)ll! < ll^olli + 


-2||u(s)|| 2 + ^||«(a)|| 


By the Young inequality |a6 < 2a 2 + JLb 2 , ([52]) becomes 


32 1 

11^(0112 — 11 ^0 11 2 II^'IIt,4 (0 ^.^1>4 ( q^ 

Letting t —> T, this proves that if ( [48] ) occurs, then also ([49]) occurs. 

Assume now that ( |50| ) occurs and, using ( |2.2[ ), rewrite ( |5T] ) as 

(53) \\u(t)\\l = \\u 0 \\l + (^-2\\u(s)\\ 2 j^Au{s)\Vu(s)\‘ 

Two cases may occur. If ( |47| ) holds, then by the just proved statement (i), ( |48| ) 
occurs. If ( |47| ) does not hold, so that \W\\ L 2^ 0 t . w 2 ' 2 (n)) rema i ns bounded, then 
(53 1 shows again that (48 1 occurs. Therefore, in any case, if (50) occurs, then (48) 
occurs. 


Finally, from ( [53] ) we see that 

IHOIIi < ll«o|ll- 


which proves that ([48]) implies 


A u(s) |Vw(s)|" 


□ 


4.3. Global solutions. For suitable initial data, not only the solution is global but 
it vanishes in infinite time. 

Theorem 4.9. Let u$ 6 A/+ be such that J(uo) < d. Then the solution u = u(t) 
to © is global and u(t ) — > 0 in I / F 4,2 (9) as t +cx). 


Proof. Since uq 0 J\f, we know that it is not a stationary solution to ( [37] ), that is, it 
does no t sol ve ([9]). Hence , by Lemma 4.1 we have J(u{t)) < d for all t > 0. By 


Lemma 


4.2 


and Theorem 


2.5 


we infer that u{t) remains bounded in IUq’ 2 (9) so 
that, by Theorem 4.6 the solution is global. If ||rq ||2 > c > 0 for all t > 0, then 
by Lemma 4.1 we would get J(u(t )) —> —00 as t —> 00 against u(t) G N + , see 
again Lemma |42] Hence, ut(t) — > 0 in L 2 (Ll), on a suitable sequence. 
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2 2 

Moreover, the boundedness of ||u(i)|| implies that there exists u E W 0 ’ (9) 
such that u(f) —*■ u in Wq (9) as t —> oo on the sequence. Note also that, by 
for all (j) E ITq ,2 (9) we have 


Lemma 


4.5 


4> det(D 2 u(t )) 


4 > det (D 2 u). 


in 


oo on the 


Therefore, if we test ( fT7j ) with some cf> E Wq (9), and we let t 
above found sequence, we get 

0 = / ut(t)4>+ / Au(t)Af — / det(D 2 u(t))4> — > / AuAcf> — det(D 2 u)f 

JQ J q J 

which shows that u solves ((9]). Since the only solution to ([9]) at energy level below 
d is the trivial one, we infer that u = 0. Writing (f37]> as 


A 2 u(t) = —ut(t) + det(D 2 u(t )) 

we see that A 2 u(t ) is uniformly bounded in L 1 (Q). Whence, by arguing as in the 
proof of Theorem 2.3 we first infer that A 2 u(t) is bounded in W~ S ' 2 (W) for all 


s>l and then, by a bootstrap argument, that 
A 2 u(t) = —ut(t ) + det (D 2 u(t.)) 
so that u(t) -A 0 in W 4,2 (9) on the sequence. 


0 strongly in L 2 (9) 


By Lemma 4.1 we infer that J(u(t )) —> 0 regardless of how t -A oo. Since 


u(t) E Af+ for all t > 0, we also have that J(u(t )) > ||tt(f)|| 2 /6 for all t. These 
facts enable us to conclude that all the above convergences occur as t —> oo, not 
only on some subsequence. □ 


Theorems 


4.6 


and |4.7| determine a wide class of initial data uq E Wq ,2 (9) which 
ensure that the solution to ( |37j ) blows up in finite time. One can wonder whether the 
blow up might also occur in infinite time. This happens, for instance, in semilinear 
second order parabolic equations at critical growth, see Il33ll36l . If T = +oo, we 
denote by 

u(u 0 ) = Pi {u(s) : s >t} 


t> o 


the w-limit set of uq E 


W 2 ’ 2 (0), 


where the closure is taken in Wq’ 2 (Q). 


We 


show here that infinite time blow up cannot occur for the fourth order parabolic 
equation (37 1 . In fact, since the nonlinearity det (/7 2 u) is analytic, for any bounded 


trajectory the w-limit set consists of only one point (see l l22ll23l l ) and we can prove 
the following statement. 


Theorem 4.10. Let uq E ILq’ 2 (9) and let u = u(t) be the local solution to (37 1. 
IfT = Too then the u-limit set cc(uo) consists of a solution to Q: this means that 
there exists a solution u to (|9j) such that u(t ) —> u in Wf (9). This convergence 
is, in fact, also in W 4 ’ 2 (9). 
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Proof. If u = u(t) is a global solution to ( |37j ). then we know that ( |44| ) holds. We 
claim that if 


(54) 


C := liminf |ki(t)|| < limsup II u 

t —>oo 


= +00 , 


then J(u(t )) > d for all £ > 0 and C > 0. By Lemma |4 .1 1 the map t i —y 
admits a limit as t —> oo. If this limit were smaller than d (including —oo), then we 
would have J(u(t)) < d for some t > 0. By ( p~3]) th is implies that either u(t) G A f+ 

W^ 2 (Q) 0 

A oo in finite 


or u(t) G J\T-. In the first situation, Theorem 4.9 implies that | u 
as t —> oo. In the second situation, Theorem 4.6 implies that |u(f) | 
time. In both cases we contradict d54l). Hence, if ([54]) holds then 


(55) 


J(u(t )) > T := lim J(u(t)) > d . 


t —»oo 


If C = 0 in (54), then there exists a divergent sequence {t m } such that \\u(t m ) 
0 so that J(u(t m )) -A 0, contradicting (|55|). By Lemma 4.1 we know that 


(56) / || u t 

Jo 

so that ut G L 2 (M_|_; L 2 (Q)) and 

(57) 

We claim that also 

(58) mgL 


2 = J(u 0 ) - T 


liminf ||rt t (f)|| 2 = 0 . 

t—> OO 




If u G L°°(M + ; Wq ’ 2 (f4)), then the statement follows directly from Poincare in¬ 
equality. So, assume that t i —> ||w(t)|| is not bounded in M + so that, by ( |44| ), we 
know that necessarily ( f54| ) holds. Let A := max{2C', 8./('«o)} > 0 and consider 
the two sets 


0_ := {t > 0; ||n(f)|| 2 < A} , © + := {t > 0; ||rt(4)|| 2 > A} . 

and ©_ f 


We have 0_ U © + = M + and, in view of ( |54| ), both 0 + 
that for t G 0+ we have ||u(i)|| 2 > 8J(uo) > 8 J(u(t)) in view of Lemma 4.1 
that u(t) G 7V_ and, by 


. Note 
so 


the map 1 1 —> ||rt(f )||2 is strictly increasing in © + . By 
we know that t changes infinitely many times between 0+ and 0_ . As long as 
t G 0_, by Poincai'e inequality we have Ai||rx(f)||| < ||n(f)|| 2 < A and therefore 
||ii(t) || 2 remains uniformly bounded. Moreover, by the just proved monotonicity, 
as long as t G 0+ we know that ||n(t)|| 2 < ||rt(f )||2 < A/Ai where t is the first 
instant where t exists © + . This proves ( |58| ). 

Next, note that if c denotes positive constants which may vary from line to line, 


we may rewrite (39 ( as 


|u(f)|| 2 = 6J(u(t)) + 2 f u(t)u t (t) < 6J(u 0 ) + 2 f \u(t)u t (t)\ 

J J 

< c(l + ||tt(f)|| 2 \\ut(t)\\ 2 ^ < C^l + ||ut(i)|| 2 ) 
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where we also used Lemma 4.1 (first inequality), Holder inequality (second in¬ 
equality), and ((58) (third inequality). By squaring, we obtain 


(59) 


| , w(t )|| 4 < Cl + c 2 \\u t (t)\\ 


2 • 


Put Tj := {s > t: ||u(s)|| 4 > ci + 1} where ci is as in ( [59] ) and let |r t | denote 
the measure of r f . Then |r*| -A 0 as t — > oo because of ( [56] ) and ( |59| ). Take 
M := \Jc\ -(- 1, e = 1, and let r > 0 be the number given by ( 36]). Then take t 


sufficiently large so that | A*| < r. By ( |36| ), for any such t we have ||u(i) || < M+l, 
which proves that 


(60) u G L°°(M+;1L 0 2 ’ 2 (H)) . 

By ( [57] ) there exists a diverging sequence {t^} such that ut{tk) —> 0 in L 2 (H) 

2 2 

as k —> oo. By ( [60] ), up to a further subsequence, we have u(tk) —*■ u in W Q ’ (f 1) 
for some u G Wq'' 2 ^). By testing ( [37] ) with p G Cq°(Q) and letting k —> oo, we 
see that u solves ©■ Moreover the analyticity of the nonlinearity implies that any 
subsequence converges to the same limit u solution of the stationary problem, see 
|[22l [23 24, 37]. Finally, the convergence may be improved to FF 4,2 (H) by arguing 
as in Theorem 14. 91 □ 


Next, we prove a squeezing property which is typical of dissipative dynamical 


systems. Since ( [37] ) is indeed dissipative when dealing with global solutions, we 
restrict our attention to this case. Consider the sequence of Dirichlet eigenvalues 
{A m } of the biharmonic operator and denote by {e m } the sequence of correspond¬ 
ing Wq ’ 2 (fl)-normalized orthogonal eigenfunctions. It is well-known that 


v = 


= E 

771=1 


AvAe r ' 


Vv € 4Lq’ 2 (H) 


where the series converges in the Wq ’ 2 (fl)-norm. For all A: > 2 denote by L\ the 
projector onto the space Hk spanned by {e 1 ,..., e k ~ 1 } so that 


fc-i 

PkV= 

777=1 



Vn G Wq’ 2 (Q) . 


Finally, we recall the improved Poincare inequality 
(61) Afc||n||| < ||n|| 2 Vn G H^r 

where H f , denotes the orthogonal complement of Hk, namely the closure of the 
infinite dimensional space spanned by { e k , e k+1 , ...}. Roughly speaking, the next 
result states that the asymptotic behavior of the solutions to ( [37] ) is determined by 
a finite number of modes. 


Theorem 4.11. Let u = u(t) and v = v(t) be the solutions to ( |37| ) correspond¬ 
ing to initial data uq G Wq' 2 {LI) and no G Wq' 2 (LI), respectively. Assume that 
u and v are global solutions to There exists k G N, depending only on 
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H^llL oo (R_i_;LVQ’2(f2)) wui II^IIz, oo (R_|_;W'q ,2 (0))’ such that if Pfcu(t) — P^vit) for all 
t > (), then 


lim \\u(t) — T , (i)||w s ’ 2 (0'i = 0 for all s E [0,2) . 

t—>oo v ' 

Proof Since u, v E C(M + ; Wq’ 2 (S7)), by Theorem < 

(62) u,v £ L°°( 


4.10 


we know that 


W 0 2 ’ 2 (O)) . 


2 2 

We first claim that there exists /x > 0 such that for all u, v E W 0 ’ (Q) we have 
(63) J (det(.D 2 u) — det(-D 2 i;)^ (u — v) < /x(||u|| + \\v\\^j \\u — n|| ||rt — r)||oo . 
To see this, let us rewrite 

det(Z) 2 rt) — det (D 2 v) = 

V.T'.T (Uyy ^yy ) ~h Vyy^Uxx ^XX ) T U X y (p X y tl X y) T VxyiVxy tl X y) 

so that, by Holder inequality, 

|| det (Z? U) det(Z/ n)||i 4 11 11 2 11 2 T ||iiyy ||2 HiGo: ^ 3 , 1(2 

“1“ || ^xy || 2 || Vxy ^ry||2 11 112 ll^rry 112 

< /x(||tt|| + ||n||^ ||rt - n|| . 

Hence, by applying once more. Holder inequality we obtain 

J (det(D 2 u) — det(I? 2 n)^ (it — v) < ||det(Z) 2 n) — det(T> 2 n)||i \\u — n||oo 

< p(\\u\\ + ||v[| ) ||n - u|| ||u - t;||oo , 


which proves 

By subtracting the two equations relative to u and v we obtain 
(64) wt + A 2 w = det (D 2 u) — det (D 2 v) 

where w(t) = u(t) — v(t). Multiply ( |64| ) by w and integrate over H to obtain 

+ IH*)I| 2 = (det {D 2 u(t)) - det (D 2 v{t))^w(t) . 


By ( |63| ) the latter may be estimated as 

I-ibi,mi ' 2 
2 dt 


~ — \\w(t )\\2 + \\w(t)\\ 2 < /x(||tt(f)|| + |Mt)||)||m(t)|| ||iu(i)||oo • 


In turn, by the Gagliardo-Nirenberg inequality ||m||oo < c||v’|| I J 
l34il ) we obtain 

^IK*)ll! + IK *)!! 2 < 


w 


11/2 


(see Ifl5l 


Ml \m\ L ° 


,-,Wo' 2 m + " v "l° 


-;w 0 a,2 (n)) 


|w(()||V 2 ||»(t)||‘ /2 
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By recalling the assumption that P^wit) = 0, that is 'w(t) G H^r, and by using 
© we then get 


1 d „ 

--p 

2 dt 


< 


IH 11 r oo/ini .ti/2,2 | ^ 11 r m /Tm ti/2,2/ 




IL°°(R+;Wq (S 2 )p II HL°°(R+;Wq ’ (ft)) 


L°° (R+ ;W 2 ’ 2 (H)) + 11 v 11 (R+; W 2 ’ 2 (fi)) 


K‘)lll / -IMt )|| 1/2 IMOp 2 


-A 


1/4 


Mf)ll! / 2 IMf)ll 3/2 . 


Take k large enough so that A& > p 4 ( ||n 
and put 


L°°(R_|_;VFq ,2 (Q)) + II 4, Hl oo (R_|_;Wq ,2 (S1)) 


Wfc := A^ 4 - /x( ||«| 


(R+;W 2 ’ 2 (0)) + 

(5^ := 2(jj k X^ 4 > 0 . 


-;IF 2 ' 2 (Q)) 


> 0 


By ( f6~i~t ) we may finally rewrite the last inequality as 

^IKt)ll! < -2w fe |Ht)||2 /2 |Hi)|| 3/2 < -4lk 

which, upon integration, gives 

(65) IK0llBlK0)||ie- 4t Vf>0 


and the statement follows for s = 0 by letting t — > oo. 

By interpolation, we know that 

IK*) - vWllw-^fn) ^ IK*) - - v ( t W for a11 s G (o, 2 ); 

the statement follows for all such s by combining ( [62] ) and ((65). □ 


5. Further results and open problems 


Monotonicity of the L 2 -norm. It is clear that the limits in ( |47j ) and in ([49]) do exist 
due to the fact that they involve increasing functions of t. Less obvious is the 
existence of the limit in ( [48] ). The next result gives some monotonicity properties 
of the map t i-A |u(T) Ha which guarantee that also the limit in (|48j) exists. 


Proposition 5.1. Let A i denote the least eigenvalue of the bihannonic operator 
under Dirichlet boundary conditions in Q. Take uq G Wf (fl) and let u = u(t) 
denote the corresponding local solution to ( |37[ ). 

(i) If ( |43| ) holds, then the map t i-A ||u(i )||2 is strictly increasing on [0, T). 

(ii) Ifuo€ A f- and J(u$) < d, then the map 1 H > ||tt(i )||2 is strictly increasing 
on [0, T ). 

(in) If uq G A/+ and J(uf) < d, then the map 1 H > ||u(i )||2 is strictly decreasing 
on [0, T). 

Moreover, the map t i-A ||ii(t )||2 is strictly increasing (resp. decreasing) when¬ 
ever u(t) G M- (resp. u(t ) G A f+). 
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Finally, the map 1 1 —> ||u(i )|| 2 is differentiable and 

2 

12 


d „ 

— rU 

dt 


d 


< -jpm). 


Proof. In view of the definition of J\f± and Lemma |4~2j ( |39l ) proves directly state¬ 
ments (ii) and (iii) and the corresponding strict monotonicity of the map t i-a 
|| it(t)11 2 whenever u(t) G A f±. 

On the other hand, by Poincare inequality, ( f39| ) yields 


d L 

dt 


2 = —6J(tt(t)) + ||rt(i)|| 2 > -6J(u(t)) + Ai||w(t)||| =: 0(t) . 


By the assumption in (i) we infer that 0(0) > 0 so that the map t i-A || u(t )||2 is 
initially strictly increasing, say on some maximal interval (0, 5) where 5 > 0 is the 
first time where '0(5) = 0. If such 5 exists then, by Lemma |4. 1 [ also t h->■ 0(t) 
is strictly increasing on (0, 5) so that 0(5) > 0(0) > 0, contradiction. Therefore 
5 does not exist and the maximal interval of strict monotonicity for t i-A ||u(t) || 2 
coincides with (0, T). 

Finally, the differentiability of the map t i-> ||u(f )|| 2 and the estimate of its 
derivative follows from Lemma l4~3l □ 


Finite time blow-up for Navier boundary conditions. Consider the initial-boundary 
value problem 


( 66 ) 


ut = det(-D 2 «) — A 2 u 
u(x,t ) = A u(x,t) = 0 
u(x , 0 ) = uo(x) 


in 17 x ( 0 ,T), 
on dfl X (0, T), 
in fh 


We will prove that the solution to it blows up in finite time provided u 0 is large 
enough in a sense to be specified in the following. For simplicity we focus on the 
radial problem set on the unit ball, = If (0), so problem (661 simplifies to 


(67) 


u t = - A 2 r u 

u(l,t) = A r u(l,t) = 0 
u(r, 0 ) = uo(r) 


for r 6 [ 0 , 1 ), t > 0 , 
for t > 0 , 
for r € [ 0 , 1 ) 


where u = u(r, t ) and A r (-) = - [r(-) r ] r is the radial Laplacian. Note that smooth¬ 
ness of the solution implies the symmetry condition u r (0,t) = 0 for all t > 0 
during the lapse of existence. 


Theorem 5.2. Let u = u(r, t) be a smooth solution to If 

l (^ 5 -i’- 4 +r 2 )(“oV* 

is large enough, then there exists a T* < 00 such that u ceases to exist when 
t ->■ T*. 


Proof. We begin our proof with the following identity 

f (~r 5 — ^r 4 + -r 2 ^ u r dr = — [ (4r 4 — 9r 3 + 5 r)udr, 
Jo 4 2 J J 0 
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where the integration by parts made use of the boundary condition u(l. t) =0 and 
the fact that one of the roots of the polynomial inside the left hand side integral is 
located at the origin. Now, using equation ([67]) we get 


d f 1 

— / (4r 4 — 9?' 3 + 5r)udr = 
dt J o 


— / (4r 3 — 9r 2 + 5 )u r u rr dr 


+ / (4r 3 — 9 r" + 5)[r(A r w) r ] r dr. 
Jo 


The first integral on the right hand side can be estimated integrating by parts 


— / (4r 3 — 9r 2 + 5 )u r u rr dr = (6r — 9)(u r ) 2 r dr, 


Jo Jo 

where we have used the symmetry condition ?/,,((). t) = 0 and the fact that the 
polynomial inside the integral on the left hand side has one root at r = 1. We now 
estimate the integral 


[ (4r 3 — 9r 2 + 5)[r(A r u) r } r dr = — f (12r 2 — 18r)(A r n) r r dr 

I o Jo 


r*l 


(36r 2 — 36r)A r udr 


= —36 / u r r dr, 


where the boundary terms vanish due to the presence of roots of the polynomial at 
the boundary points in the first case, due to the root of the polynomial at the origin 
and the boundary condition A r u(l,t) = 0 in the second case and due to the roots 
of the polynomial and the symmetry condition u r ( 0, t) = 0 in the third case. 

Summarizing we have 


d_ 

dt 




9 4 5 , 

-r H— r“ 

4 2 


u r dr 


(6 r — 9) ( Ur ) 2 r dr — 36 


u r r dr. 


Therefore 


d_ 

dt 




g 5 \ pi 

-r 4 +-r 2 ) u r dr < — (9 — 6 r)(u r ) 2 rdr 

4 2 J J o 

ft 


C z e 

+36——b36- / (9 — 6 r)(u r ) 2 rdr 
2e 2 J o 


< — C / (9 — 6 r)(u r ) 2 r dr + C', 
Jo 
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where we have used 

/ u r r dr = 

Jo 

< 


f 1 

I , u r r dr 

o 

f^ rdr y /2 

lo 9 - 6r J 


-l \ 1/2 

(9 — 6r)(n r ) 2 r dr 


C 


'o 

< ^ + i 

“ 2e 2 


■ 1 \ 1/2 

(9 — 6 r)(u r ) 2 rdr ) 




J (9 — 6 r){u r ) 2 r dr 


and here we have employed Holder inequality and Young inequality in the first and 
third inequalities respectively. 

We finish our proof with the estimate 

rf fV4 4 9 3 , 5 \ 

— —r — -r H —r ) u r r dr < 

dt J 0 \5 4 2 ) 

—C J ^r 4 — ^r 3 + (ti r ) 2 r dr + C 7 < 


-C 


Ldo 


4 4 9 3 5 , 

-r — -r + —r ) u r rdr 


2 


+ C", 


where we have used that 9 — 6r is bounded from below by a positive constant and 
4r 4 /5 — 9r 3 /4 + 5r/2 is non-negative and bounded from above in [0,1] in the first 
step and Jensen inequality in the second step. This automatically implies blow-up 
in finite time 

( 68 ) J ^r 4 — ^r 3 + u r rdr —> — 00 when MT**, 

for T** < 00 and a sufficiently large initial condition. In turn, this proves that the 
solution ceases to exist at some time T* < T**. □ 


Remark 5.3. A subtle distinction should be made between solutions which “cease 
to exist” and solutions which “blow up”. The former concerns the existence of 
the smooth solution, the latter concerns the unboundedness of some norm; whence 
the latter implies the former. Theorem |5.2| merely states that the smooth solution 
ceases to exist, with no statement about blow-up. In particular, if (681 held then 
an integration by parts would show that the iJ (B\ ( 0 )) norm of the solution would 
blow up. 


We conclude this paper with some natural questions and some open problems. 

• Uniqueness and/or multiplicity of stationary solutions. 

By |[T3ll we know that (|9]) admits the trivial solution u = 0 and also a mountain 
pass solution u. One can then wonder whether ([9]) also admits further solutions. 
Note first that the functional J in ( flQ| ) is not even and, therefore, standard multi¬ 
plicity results are not available. In particular, —u is not a solution to ([9]). Does the 
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multiplicity of solutions depend on the domain? What about radial solutions in the 
ball? In this case, one can refer to some results in iflOl lTlI. 


• Blow up in L p norms. 

From Theorems 4.8 and 4.10 we learn that when blow up occurs, then also the 
FF 0 1,4 (f?)-norm blows up. What about the L p ( 14)-norms? Is there some critical 
exponent q e (1, oo) such that the blow up in the L p (9)-norm occurs if and only 
if p > ql Or does the L°°(9)-norm remain bounded? And, even more interesting, 
what happens under Navier boundary conditions? In this respect, see Theorem |5.2| 
and Remark [531 


• Qualitative properties of solutions. 

It is well-known that the biharmonic operator under Dirichlet boundary condi¬ 
tions does not satisfy the positivity-preserving property in general domains, see e.g. 
m. Moreover, also the biharmonic heat operator in M n does not preserve posi¬ 
tivity and exhibits only eventual local positivity, see lfT4l fT71 where also nonlinear 
problems are considered. For there reasons, a full positivity-preserving property 
for m (such as uq > 0 implies u(t) > 0) cannot be expected. However, one can 
wonder whether (37) has some weaker form of positivity-preserving, for instance 
bounds for the negative part of u(t) when uq > 0. 


• Other boundary conditions. 

According to the physical model one wishes to describe, it could be of interest to 
study d37| ) with different boundary conditions. In particular, it could be interesting 
to consider in more detail the Navier boundary conditions u = A u = 0 on <99. 
For the stationary problem ([9]), these conditions were studied in ifTOl 1TT1 ll3ll . It 
turns out that Q is no longer of variational type and different techniques (such as 
fixed point theorems) need to be employed. Therefore, it is not clear whether an 
energy functional can be defined and if the same proofs of the present paper may be 
applied. More generally, one could also consider the so-called Steklov boundary 
conditions u = A u — au u = 0 on 59, where a G C(59) should take into account 
the mean curvature of the (smooth) boundary. We refer to Ifl8l for the derivation 
and the physical meaning of these conditions. 


Further regularity of the solution. 

Using the regularizing effect of the biharmonic heat operator, one could wonder 


which (maximal) regularity should be expected for solutions to (37 1 . 


High energy initial data. 

Except for Theorem |4.7[ in order to prove global existence or finite time blow¬ 


up for (37) we assumed that J{uq) < d. What happens for J(uo) > dl Possible 
hints may be found in lfl6l fl9l although the lack of a comparison principle for ([9]) 
certainly creates more difficulties. Can the basin of attraction of the trivial solution 
u = 0 be characterized more explicitly? 


• Higher space dimensions. 

If we set the equation ( |37j ) in some 9 C M n with n > 3 we lose the physical ap¬ 
plication but the problem is mathematically challenging. If n < 4 the embedding 
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W 0 ’ (Q) C W 0 ’ (f2) is still true, although for n = 4 it becomes a critical em¬ 
bedding which lacks compactness. Moreover, the embedding Wq (H) C L°°(Q) 
fails for n > 4. But the most relevant problem concerns the nonlinearity det(I) 2 u) 
which has the same degree as the dimension. For instance, if n = 3 the term 
det(_D 2 rt) is cubic, involving products of three second order derivatives. Since 
each derivative merely belongs to L 2 (Q) (whenever u 6 FFq’ 2 (H)), this term may 
not belong to any L p space. Hence, no variational approach can be used and a 
different notion of solution is needed. 
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